uj‘é:@ National Championship 2020

Challenger / Open Division Solutions

April 26 — May 9, 2020

Time Limit: 8 hours for all teams in the Challenger Division, and for teams in the Open Division with more
than four members. 4 hours for teams in the Open Division with four or fewer members.
Each problem is worth 1 point.

1. If U, S, M, C, A are distinct (not necessarily positive) integers such that U -S - M - C' - A = 2020, what
is the greatest possible value of U + S + M + C + A?

Proposed by: Kevin Ren
Answer: | 505

We want to make one of U, S, M, C, A as large as possible. WLOG let the largest of these numbers be
U. If U = 2020 or U = 1010, the remaining four factors multiply to 1 or 2, which is not possible. The
next largest factor of 2020 is U = 505, which gives the unique solution 2020 = 505-2 -1 (—1) - (—2),
and a sum of 505.

Let us show this is optimal. The next largest factor of 2020 is U = 404. We claim that for U < 404,
U+S+M+C+ A < 505 even when S, M, C, A are not required to be distinct. Then, S+ M +C+ A
is clearly maximized when S, M, C, A are 2%20, L,1,,andU+S+M+C+A=U+ % + 3, where
U > &U?O_ This is maximized at U = 404, where the sum is 412 < 505, as desired.

2. Sarah is fighting a dragon in DnD. She rolls two fair twenty-sided dice numbered 1,2,...,20. She
vanquishes the dragon if the product of her two rolls is a multiple of 4. What is the probability that
the dragon is vanquished?

Proposed by: Kevin Ren

Answer:

1
2

Sarah vanquishes the dragon if both rolls are even, which occurs with probability % . % = %, or if one
is a multiple of 4 and the other is odd, which occurs with probability 2 - i ppae i.

2
So, the total probability is i + i = %

3. If z(y + 1) = 41 and 2%(y* + 1) = 881, determine all possible pairs of real numbers (x, ).
Proposed by: Brice Huang

Answer: | (16,22),(25,12)

Let z = xy. The given equations imply y + z = 41 and y? + 22 = 881. Thus,

(y+2)° - (*+2%

= 400.
2

yz =

By Vieta’s Formulas, y, z are the zeros of the quadratic t? — 41t + 400 = 0.
This quadratic factors as (¢t — 16)(t — 25). So, (y,z) = (16,25),(25,16). As z = zy the solutions are
(z,y) = (16,33) , (25, 3¢)-

4. Let ABCDEF be a regular hexagon with side length two. Extend F'FE and BD to meet at G. Compute
the area of ABGF.

Answer: V3



B C

Draw segments from A, D, E, F to the center O of the hexagon. Triangles DOE, FOF, FOA are
equilateral with side length 2, so their areas are each % = /3. Triangle ABD has the same height

and twice the base, for an area of 2v/3. Triangle EDG is congruent to triangle ABD (by e.g. ED = AB,
/DEG = /BAD and /EDG = /ABD), so its area is also 2v/3. This gives a total area of 7v/3.

. Call a positive integer n an A — B number if the base A and base B representations of n are three-digit
numbers that are reverses of each other. For example, 87 is a 5 — 6 number because 87 = 2235 = 3225.
Compute the sum of all 7 — 11 numbers.

Proposed by: Kevin Ren
Answer: | 437

Let the base 7 and 11 representations be abc; and cbaii, where 1 < a,¢c < 6 and 0 < b < 6. Then,
49a 4+ 7b+ ¢ = 121c + 11b + a. This implies 12a = b + 30c¢, so b is a multiple of 6. Thus b =0 or b = 6.

If b =0, then 2a = 5c¢ implies a = 5, ¢ = 2. This gives the solution 5027 = 205, = 247. If b = 6, then
2a = 1+ 5c¢ implies @ = 3,c¢ = 1. This gives the solution 3617 = 16311 = 190.
The answer is 247 4+ 190 = 437.

. Alex is thinking of a number that is divisible by all of the positive integers 1 through 200 inclusive
except for two consecutive numbers. What is the smaller of these numbers?

Proposed by: Aaron Cao
Answer: | 127

Let n be Alex’s number, and let m be the even non-divisor. If m is not a power of 2, we can write
m = 2Fo for k > 1 and odd o > 1. But then n is divisible by 2* and o, so it must be divisible by m,
which is a contradiction. Therefore m is a power of 2.

27 = 128 is the largest power of 2 less than 200. If m < 128, n is divisible by 128 but not m, which is
a contradiction. Therefore m = 128.

The odd non-divisor cannot be 129 because 129 = 3 - 43. So, the odd non-divisor is 127. As 127 is
prime, this pair works.

. Jenn is competing in a puzzle hunt with six regular puzzles and one additional meta-puzzle. Jenn
can solve any puzzle regularly. Additionally, if she has already solved the meta-puzzle, Jenn can also
back-solve a puzzle. A back-solve is distinguishable from a regular solve. The meta puzzle cannot be
the first puzzle solved. How many possible solve orders for the seven puzzles are possible?

For example, Jenn may solve #3, solve #b5, solve #6, solve the meta-puzzle, solve #2, solve #1, and
then solve #4. However, she may not solve #2, solve #4, solve #6, back-solve #1, solve #3, solve #b5,
and then solve the meta-puzzle.

Proposed by: Kevin Ren

Answer:

We count the solve orders by first deciding the order the six non-meta puzzles get solved, then deciding
where to insert the meta-puzzle in that order, and then deciding which of the puzzles solved after the
meta-puzzle were back-solved.
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There are 6! solve orders for the non-meta puzzles. The meta-puzzle can be inserted 0, 1, ..., 5 positions
from the end; if it is inserted k positions from the end, there are 2¥ ways to choose which of the k
puzzles solved after the meta-puzzle were back-solved. This gives a count of

6!/(1+2+4+8+16+ 32) =720 63 = 45360.

Two altitudes of a triangle have lengths 8 and 15. How many possible integer lengths are there for the
third altitude?

Proposed by: Kevin Ren

Answer:

Let h denote the length of the third altitude, and let A denote the area of the triangle. Then the side

lengths of the triangle are %, %, and %. By the Triangle Inequality,

2A 24 24

i i h<1
§ 15 o h=ln
8 15 h -

This gives a count of 17 — 6 + 1 = 12.

. Let Q be a unit circle and A be a point on Q. An angle 0 < 6 < 180° is chosen uniformly at random,

and 2 is rotated 0 degrees clockwise about A. What is the expected area swept by this rotation?
Proposed by: Freya Edholm

Answer:

The area swept by this rotation consists of two semicircles of radius 1 and a circular sector of radius 2
with measure 6. Thus, its area is equal to § + § + 20, with 0 in radians. The expected value of 20 is
7, so the answer is § + 7 + 7 = 27.

T sine  __ 1 iq _sin2x 9
Ifo<z< 5 and T+cosz — 37 what is 1+4cos 2z *

Proposed by: Kevin Ren
Answer: %

By the tangent half-angle formula, the condition is tan § = % So,

W=

sin 2z 2. 3
—— =tanzx = = 7
1+ cos2x 1—3—2 4

A permutation of USMCAUSMCA is selected uniformly at random. What is the probability that
this permutation is exactly one transposition away from USMCAUSMCA (i.e. does not equal
USMCAUSMCA, but can be turned into USMCAUSMC A by swapping one pair of letters)?

. 1
Answer: 585
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Let us count the number of permutations of USMCAUSMCA, and the number of permutations that
are one transposition away from USMCAUSMC A.

There are 5705! distinct permutations of USMCAUSMCA. There are 1%—‘8 permutations that are one
transposition away from USMCAUSMC A: there are 10 ways to choose the first letter to swap and 8

ways to choose the letter to swap it with, overcounting for symmetry by a factor of 2.

This gives a probability of

2!
Let a,b,c,d be the roots of the quartic polynomial f(x) = 2 + 22 + 4. Find the value of

a? L b2 i o n d>
a3+2 B+2 34+2 d34+2

Proposed by: Kevin Ren

Nl

Answer:

From a* 4+ 2a + 4 = 0 we get a3+2:—§. Thus,

a? a’ 1 4 1 1
a® + 2 4 4 a 2 a

and similarly for b, ¢, d. So the answer is

Vieta’s Formulas give
1 1 1 1 abc + abd + acd + bed 1
atrtetaT abed -y

so the answer is 2 — % =

Equiangular octagon ABC DEFGH is inscribed in a circle centered at O. Chords AD and BG intersect
at K. Given that AB = 2 and the octagon has area 15, compute the area of HAK BO.

3
5

Proposed by: Kevin Ren

11
4

[

Answer:

G F

By symmetry, [ABOH] = ;[ABCDEFGH] = 2. Moreover, [ABK] = 1 because it is a 45° —45° —90°
triangle with hypotenuse 2. Thus, [HAKBO] = [ABOH| — [ABK] = L.



14. Kelvin the Nanofrog is visiting his friend, Alex the Nanokat, who lives 483 nanometers away. On his

15.

16.

trip to Alex’s home, Kelvin travels at k£ nanometers an hour, where k is an integer, and completes the
trip in an integer number of minutes. On his return journey, he travels slower by 7 nanometers an
hour, and completes the trip in an integer number of minutes. What is the smallest total number of
minutes Kelvin could have spent traveling?

Proposed by: Brice Huang
Answer: | 182

Kelvin’s trips take 283:60 and 48389 minutes. If these two quantities are integers, so is their difference.
Let their difference be a, so

_ 483-60 483-60 483-60-7

_ — —7y=92.32.5.72.93.
P 3 =) = ak(k—1T) 3°-5-77-23

The shortest trip corresponds to the largest k, hence the smallest a.

We consider two cases: 7|k and 71k. If 7| k, write k = 7Tk’. The above equation implies
k(K —1)=2%.32.5.23.

If o = 1, there are no solutions because 22 - 32 - 5 - 23 cannot be written in the form k’(k’ — 1). This
can be seen, for example, by considering the member of the factor pair divisible by 23: in 23 - 180 and
46 - 90 the second factor is too large, and in 69 - 60 onwards the second factor is too small.

If &« = 2, we find the solution k' = 46, corresponding to k = 7 - 46 = 322. This is a solution to the

original problem, as both 48;’7'260 = 90 and gggf? = 92 are integers. This solution minimizes o when

7|k

If 71k, then 7tk —17,5049 | «. Thus « > 49, and all solutions in this case have larger « than the
solution found above.

Therefore, the shortest trip has & = 322. In this trip, Kelvin travels for

483 -60 483 -60

399 322_7:90-1—92:182

minutes.

Find the greatest prime factor of 296 + (215 4 1)(229 + 2% +1).
Proposed by: Kevin Ren
Answer: | 113

Expanding the expression gives

200 +2M 42304929 4210 4 1220 1+4.2% 462 +4.20 +1
= (2" +1)*
= (2" +1)2-2%)"
=@ -2 )T 42t 1)
=113*. 145",
Triangle ABC has BC = 7,CA =8,AB = 9. Let D, E, F be the midpoints of BC,C A, AB respec-

tively, and let G be the intersection of AD and BE. G’ is the reflection of G across D. Let G'E meet
CG at P, and let G'F meet BG at ). Determine the area of APG'Q.



17.

18.

Proposed by: Brice Huang and Kevin Ren

165
3

Since G is the centroid of ABC, AG = 2GD. Therefore AG = GG’, so G is the midpoint of GG'.
So, CG and G'E are medians of triangle ACG’, and P is its centroid. Similarly, @ is the centroid of
ABG'.

This gives [APG'] = $[ACG'] and [AQG] = [ABG'], so [APGQ'] = {[ABG'C]. Finally, note that

1
3
[BCG'] = [BCG] = L[ABC], so [ABG'C] = 3[ABC)|. Therefore [APGQ'] = §[ABC].

By Heron’s Formula,

Answer:

[ABC] =V12-5-4-3 =125,
so [APGQ'] = 185,

An island is a contiguous set of at least two equal digits. Let b(n) be the number of islands in the
binary representation of n. For example, 202019 = 111111001005, so b(2020) = 3. Compute

b(1) +b(2) + -+ + (2.

Answer: 2019 - 22018 41 ‘

Let’s first compute the summation when it ranges over all length-2020 bit strings, where two or more
consecutive leading zeros count as an island; we will correct for this later.

Let s be a uniformly random length-2020 bit string. b(s) is equal to the number of occurrences of two
consecutive equal digits minus the number of occurrences of three consecutive equal digits within the
binary representation of n. So, by linearity of expectation,

2019 2018

E[b(s)] = — — —— = 505.
b(s)] = =5 — =
Therefore,
> b(s) =220%0. 505 = 2208 . 2020.
s length 2020

Of course, when 0 < n < 22918 this count includes leading zeros as an island, so the binary string has
one more island than the binary number. So,

b(0) + b(1) + - - + (22020 — 1) = 22018 . 9020 — 22018 — 92018 . 9019,
Finally, we note 5(22°2Y) = 1 and b(0) = 0, giving a final answer of 2019 - 22918 4 1.

Alice, Bob, Chad, and Denise decide to meet for a virtual group project between 1 and 3 PM, but they
don’t decide what time. Each of the four group members sign on to Zoom at a uniformly random time
between 1 and 2 PM, and they stay for 1 hour. The group gets work done whenever at least three
members are present. What is the expected number of minutes that the group gets work done?



Proposed by: Freya Edholm and Kevin Ren

Answer:

Let 1 < x2 < x3 < x4 be the times they arrive. We want the expected value of 60 + x5 — x3. The
expected value of x; is 124, so our answer is 60 + 24 — 36 = 48 minutes.

19. Call a right triangle peri-prime if it has relatively prime integer side lengths, perimeter a multiple of
65, and at least one leg with length less than 100. Compute the sum of all possible lengths for the
smallest leg of a peri-prime triangle.

Proposed by: Kevin Ren
Answer: | 241
The side lengths of a primitive Pythagorean triple must be a? — b2, 2ab, and a? +b? for positive integers
a > b such that ged(a,b) =1 and exactly one of a,b is even. Then we must have

65|a® — b? + 2ab + a® + b* = 2a(a +b).
Thus 65|a(a + b). Since a® — b? > 2a — 1 and 2ab > 2a, one restriction is a < 50. Since exactly one of
a,b is even, another restriction is that a + b is odd.

We perform casework on how the factors of 65 are distributed among a and a 4+ b. Note that 65|a is
not possible because a < 50.

Case 1. 65]a +b.

Since b < a < 65, a+ b = 65. Then 2ab > 100, so we need a® — b> = (a + b)(a — b) < 100. Thus,
(a,b) = (33,32) is the only possibility. The smallest leg is 33% — 322 = 65.

Case 2: 5|a, 13|a+b, 65t a + b.

Then a +b = 13,39,91. If a + b = 13 then (a,b) = (10,3). The smallest leg is 60. If a +b = 39
then (a,b) = (20,19), (25,14), (30,9), (35,4). Of them, only (20, 19) works. The smallest leg is 39. If
a+ b =91 then (a,b) = (50,41), which doesn’t work.

Case 3: 13|a, 5la+ b, 651 a + b.

Then a = 13,26,39. If a = 13 then b = 2,12 work. The smallest legs are 52 and 25, respectively. If
a = 26, then b = 9,19. None of these work. If a = 39, then b = 6, 16, 26, 36. None of these work.

The legs we obtained are 25,39, 52,60, 65. Adding these numbers gives 241.
20. Yu Semo and Yu Sejmo have created sequences of symbols &« = (Uy,...,Ug) and J = (J1,...,Jg).
These sequences satisfy the following properties.
e Each of the twelve symbols must be X, #, A, or Z.

o In each of the sets {UluUQaU47U5}7 {‘]17J2aJ47J5}7 {U17U27U3}7 {U47U57U6}7 {‘]17J2aJ3}7 {J47J5aJ6}7
no two symbols may be the same.

e If integers d € {0,1} and ¢,j € {1,2,3} satisfy U;y34 = Jj 134, then i < j.
How many possible values are there for the pair (U, J)?
Proposed by: Ankan Bhattacharya

Answer:

First of all, by the second and third conditions, in each of the sets
{leUlvUQaU3}a {J17J23U27U3}7 {J17J27J37U3}7
the symbols are all different. It follows that U; = Jo and Uy = J3, and that J; and Uz are the other

two symbols. Analogous reasoning applies to Jy, J5, Jg, Uy, Us, Us.

Now, there are 4! = 24 ways to select Uy, Us, Uy, and Us. We claim that this determines the rest of
the symbols. Note that J; # Jo = Uy, J1 # J3 = Us, and J; # J5 = Uy. It follows that J; = Us;
analogously, J4 = Us.
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Finally, since U3 must be different from all of J; = Us, Uy, and Us, it must be Uy. Similarly, we obtain
Ug = Us.

It is not difficult to check that these sequences satisfy the conditions.

Let ABCDEF be a regular octahedron with unit side length, such that ABCD is a square. Points
G, H are on segments BE, DF respectively. The planes AGD and BCH divide the octahedron into
three pieces, each with equal volume. Compute BG.

E

Proposed by: Kevin Ren

3—4/19/3
—5—(

97\/5)
2

Answer: &

or equivalently,

Let EG =z, and let K be on CFE such that FK = EG. Then pyramid ADGKE has % the volume of
ABCDE. Split ADGKE into tetrahedra AKEG and AKED. Note that

[AKEG] = 2*[ABCE] = %J;Q[ABCDE], [AKED] = 2| ADCE)] = %a:[ABCDE}.

—144/19/3 _3-4/19/3
2 = 2

We obtain the equation (22 + z) = £, so x = and 1 —x

Carol places a king on a 5 x 5 chessboard. The king starts on the lower-left corner, and each move it
steps one square to the right, up, up-right, up-left, or down-right. How many ways are there for the
king to get to the top-right corner without visiting the same square twice?

Proposed by: Kevin Ren

Answer:

Label the chessboard with coordinates, such that the starting square is (0,0) and the ending square
is (4,4). Let f; be the number of paths that start at (0,0) and finish on some square on the diagonal
x + y = 1, such that only the last square of the path lies on this diagonal.

Lemma 1. For2<i<4, fi=2ifi 1+ (i —1)fi_2.

Proof. Consider the last step on a path counted by f;. The last step is either orthogonal (up or right)
or up-right.

There are 2if;_1 paths ending in an orthogonal step: 2i ways to choose the last step (up or right from
one of (i—1,0),...,(0,4—1)), fi—1 ways to choose the beginning steps up to the diagonal z+y =i—1,
and a unique way to connect the last step with the beginning.

There are (i—1) f;—2 paths ending in an up-right step: (i—1) ways to choose the last step (up-right from
one of (i —2,0),...,(0,i—2)), fi—2 ways to choose the beginning steps up to the diagonal z+y =i —2,
and a unique way to connect. O




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();
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Then,

fo =
i =
fo =
fa = 58
fio= 491,

Paths from (0, 0) to (4,4) either reach some square on the diagonal x4y = 4 or skip over this diagonal
by an up-right step.

There are f? paths that reach the diagonal x +y = 4: f; ways to choose the beginning steps from
(0,0) to the diagonal, f4 ways to choose the ending steps from (4,4) backward to the diagonal, and a
unique way to connect.

There are 4f7 paths that skip over the diagonal # +y = 4: f3 ways to choose the beginning steps
to the diagonal  +y = 3, f3 ways to choose the ending steps from (4,4) backward to the diagonal
x4y =5, and 4 ways to connect.

This gives a final answer of f7 + 4f2 = 254537.
Let f,, be a sequence defined by fy = 2020 and

f ~ fn 42020
"t 2020f, + 1
for all n > 0. Determine fyg20.
Proposed by: Alexander Katz
. 20212021+20192021
Answer. 50212021 —5(]19202T
Pre-solution. Let r = 2020. Then ,
fO =Tr= ia
2r
h=tr
fy— r3 + 3r
2T 3241
= 4r3 4 4r
T erz 41
From this data, we conjecture that
PGS Ve G
- (r4+1) = (r—1)

for odd ¢, while the fraction is flipped for even i.

Solution. Let g, = ?ﬁ Then

far1—1 2019 — 2019f, 2019 (fn - 1) 2019

fas1i+1 2021 +2021f, 2021 \ f, +1 ~ 20217

2019 2020
92020 = (2021> g0

gn+1 =

As a result,
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25.

_ 2021
But go = 333071 = 3021» 50 92020 = (351) - Now,
fa020 — 1 1+ g2020
T = g2020 — f2020 = ————
fa020 + 1 1 — g2020
so that
20212021 4 20192021
f2020 =

20212021 — 20192021

Farmer John has a 47 x 53 rectangular square grid. He labels the first row 1,2,---,47, the second
row 48,49,---,94, and so on. He plants corn on any square of the form 47x + 53y, for non-negative
integers z,y. Given that the unplanted squares form a contiguous region R, find the perimeter of R.

Proposed by: Kevin Ren
Answer: | 794

Let 1 be the lower-left corner and 47 the lower-right corner. The rightmost column, the multiples of
47, is entirely planted. Note that, because ged(47,53) = 1, the numbers 53,53 - 2,...,53 - 46 appear in
distinct columns. So, one of these appear in each of the leftmost 46 columns, and each of these is the
lowest planted square in its column. The unplanted squares are the squares below these numbers.

For i = 1,...,46, let h; be the number of unplanted squares in column i. The unplanted region R
consists of 46 bottom-aligned rectangles with width 1 and height A, ..., h4g placed side by side.

The tops and bottoms of the rectangles each contribute 46 to the perimeter. The left and right
boundaries of R contribute h; and h4g. The boundary between the ith and ¢+ 1th rectangles contribute
|h; — hit1|. Therefore, the perimeter is

45
246+ hy + hag + »_ |hi — iyl
i=1
Let us determine h;. If 53k; is the smallest multiple of 53 congruent to ¢ (mod 47), then h; = %ﬁ

Noting that
53=6=8"1 (mod 47),

we get k; = 8i (mod 47). Thus k; = 8, yielding h; = 533=1 — 9. Similarly k4 = 47 — 8 = 39, yielding

47
hys = W = 43. When we increment ¢, k; either increases by 8, in which case

53-8 -1
hi+1—hi=T=9,
or decreases by 39, in which case
53-(—39) —1
hi+1 — hz = % = —44.

The latter case occurs L%J = 7 times, so the answer is

2.46+9+43+ (9-38+44-7) = 794.

Let S ={1,---,6} and P be the set of all nonempty subsets of S. Let N equal the number of functions
f P — S such that if A, B € P are disjoint, then f(A) # f(B). Determine the number of positive
integer divisors of N.

Proposed by: Ankan Bhattacharya

Answer:

All such functions are of the following type: let o be any permutation of S and ¢ : P — S be a function
such that ¢(A) € A for all A; then set f(A) = o(p(A)) for all A. These clearly work, so we show there
are no others.



26.

First of all, f({1}),..., f({6}) must be 1,...,6 in some order. WLOG assume f({k}) =k for all k.

Now, if f(A) ¢ A for some A, then by applying the condition to A and {f(A)}, we see that f(A) # f(A),
contradiction. Thus f(A) € A for all A, giving the characterization above.

Finally, we compute the answer: there are 6! = 24 -32 .5 ways to choose o and

1(D9B) ... 6(8) — 915,320 415 56 . gl — 915+2:15+1 32041 56 _ 946 321 £6
ways to choose ¢.
In all, we obtain N = 2°9.323 .57 valid functions, so the desired answer is 51 - 24 - 8 = 9792.

Let T be a circle centered at O with chord AB. The tangents to I' at A and B meet at C. A
secant from C intersects chord AB at D and T'" at E such that D lies on segment CE. Given that
/BOD + ZEAD =180°, AE =1, and BE = 2, find CFE.

Proposed by: Kevin Ren
A G
) '
E

4v2
3
Let CD meet I' at G # E. Then /EGB = /EAB = 180° — ZBOD, so BODG is cyclic. Hence,
/BDG = /BOG. But, /BOG = BG and /BDG = L (EE: n ZE), so BG — AE. Hence, AGBE

is an isosceles trapezoid. Furthermore, since the tangents at A and B meet on EG, AGBE is also
harmonic. Thus, AE = BG =1, BE = 2, AG = 1. Now

CG _ (AG\® 1
CE \ AE T4

Furthermore, by Ptolemy’s theorem (noting that GE = AB),

Answer:

1
GE2:1'1+§'2:2.

Hence,



27. Let ¢(n) be the number of positive integers less than or equal to n that are relatively prime to n.
Evaluate

m—oo 30 ¢(n)

Proposed by: Alexander Katz

Answer:

Let g(m) = 3;’32 and f(m) = ¢(m) for convenience. It is well-known that lim,, ﬁ > fin)=1

(note that we could just as easily choose g(m) = m?; the important part is that Y, ¢(n) = O(m?)).

Let x = ﬁ > flan) and y = ﬁ > f(5), for some prime p [ a. We claim that

2 (5m) 5 (6)

n=0 n=0

To demonstrate this, we split the summation in & by vy(an) in order to utilize the fact that ¢ is
generally multiplicative. In particular,

n=1

= flan)+ > flan)+

vp(an)=1 vp(an)=2

—im 3 f(m>+f(p2) ) f(”)+
vp(an)=1 p vp(an)=2 p

=Y R (‘;f) + 1) > (ap”) +

1<n<m,v,(an)= 1<n< |2 ] vp(an)=1

1> f(“")— S fam) |+ | S f(“")— S flan) |+

1<nzm NP cad(my 1i<nziz) NP acngmy
= 1) (votm) = 550 ) 500 (5~ ) -
- yg(m),i (stprry) ot i (5&)

which rearranges to the result (here ~ denotes asymptotic equivalence). Repeating this process, we

analogously the more general result
0 f(pn) ) > (f(p71,+vp(a)) >
x =y —_— .
,;) ( ) nz:% g9(p™)

g(p™

For the prescribed f, g, we obtain
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n=0 g(p (1 n=1
7.(.2 > rL 1
3 ; 2n/p12
B l 72 (p — 1) = Z 1
-3 3 prtt
o . 72
3 3
0o n+vp(a) n2pvp(a
and analogously Y7 p(; )( ) = L p( . Thus,
- pvp(a)+1y
p+1

Finally, with a = 60 and p = 2, 3, 5 respectively, we get

ZZL:I ¢(60n) o 23 32 52 _
S ipn) 241 341 5+1

Call a polynomial f with positive integer coefficients triangle-compatible if any three coefficients of f
satisfy the triangle inequality. For instance, 323 + 422 + 6x + 5 is triangle-compatible, but 3z> + 322 +
6x + 5 is not. Given that f is a degree 20 triangle-compatible polynomial with —20 as a root, what is
the least possible value of f(1)7

Proposed by: Kevin Ren

Answer:

First, consider
flx) =11 (2% + 212" + 212" + - 4+ 212+ 21) + 2+ 9.

Note that f is triangle-compatible and f(—20) = 0, as required. This f achieves f(1) = 4641. Let us
show this is optimal.

Suppose f be triangle compatible. Divide f by the leading coefficient to get g, a monic polynomial
with rational coefficients. Write

g(x) = 220 + ayox'® + a1z + - + a1z + ao.

Let ax = by + 21 for k = 0,1,...,19. By the Triangle Inequality, |a; — a;| = |b; — b;| < 1 for all i, j.
Then,
g(z) = [2*° + 212" + -+ + 212+ 20] + L + [broz™® + bisz'® + - + b1z + b .

The first term has —20 as a root, so g(—20) = 0 is equivalent to

1 =209 — 20815 + - - - + 20b; — by. (1)

Let k be the smallest number such that ¢; = kb; is an integer for all ¢ = 0,...,19. |b; — b;| < 1 implies
lei —¢j| <k —1foralli,j.

Lemma 1. Ifk <11, thenco =c3=---=c19 = 0.
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Proof. Let i be the largest index such that ¢; # 0. Note that
kE=20%c19 — 2018¢i5 + - - - + 20¢1 — o,
and |cj| < |c;| +k — 1 for all j < ¢, while ¢; = 0 for all j > 4. Therefore,
20°|¢;| <20 Y eioa| 4+ -+ +20er| + |eo| + B < (207 4+ 420+ 1) (Jei| + k — 1) + k.

This rearranges to _ A
(k—1) (20” + 18) + 19 < 10 (20’ + 18) + 19

lei| <

(18-20F + 1) —  (18-200+1)
For ¢ > 2, the right-hand side is less than 1, contradiction. O
When k£ < 11, Lemma 1 implies co = c3 = --- = ¢19 = 0, so k = 20c; — ¢g. By the Triangle Inequality,

leo| = |eo—c19| < k—1, 50 20|c1| = |k+co| < 2k—1. For k < 10, this implies ¢; = 0, so ¢ = —k, which
is a contradiction. So, there are no solutions with k < 10. If £ = 11, the only solution is ¢ = 9,¢; = 1,
which corresponds to the construction above.

We finish by showing k£ > 12 does worse.

Lemma 2. b9 > —%.
Proof. If big < —%, |b; — b1g| < 1 implies —% <b; < % for each 0 < ¢ < 18. Then, (1) implies

1 3
5 220" < 201%|byg| < 208 |byg| + 2017 [by7| + - + 201 by | + |bo| +1 < 3 (20" + -+ +20" +1) + 1.
This is a contradiction. O

Thus, b1g > f%, so b; > f% for each 0 < ¢ < 18. If k > 12, then

1
P(1) > 12 (1 + (21 — 2) + 19 (21 — 3)) = 4704 > 4641.

Therefore, 4641 is minimal.

Let ABC be a triangle with circumcircle I and let D be the midpoint of minor arc BC. Let E, F' be
on I' such that DE1AC and DF 1 AB. Lines BE and DF meet at G, and lines CF and DFE meet at
H. Given that AB =8, AC' =10, and ZBAC = 60°, find the area of BCHG.

Proposed by: Kevin Ren
Answer: 23
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Note that o
BD+AE CD+ AE
2 B 2
Therefore, BE 1. AD. Also DF' | AB, so G is the orthocenter of ABD. Similarly, H is the orthocenter

of ACD.

Let O be the circumcenter of ABC, and identify O with the zero vector. We have G=A+B+
H=A+C+D,soG—H=B-C, which means BCHG is a parallelogram.

Let K be the midpoint of AD. Then G-B=A+D= 2K, so BG = 2KO. Moreover,

Z/(AD, BE) = = /(AC,DE) = 90°.

D and

/ZEBC = /ZEDC =90° — LZACD = 90° — ZDOK.

So,

sin /GBC = sin ZEBC = cos ZDOK = KT?

Note that the circumradius is R = Z<. Hence,

V3
KO
[BCHG) =BG - BC -sin ZGBC =2KO - BC - =
=2V3K0? =2V3 (R2 AD? )
Now we compute by Ptolemy’s theorem,
AB-CD+ AC-BD AB+ AC
AD - = =
B0 7 63,
noting that g—g = % = % By Law of Cosines,

BC?=824+102-8-10=84 — R? =298.

Thus,
[BCHG] = 2v/3(28 — 27) = 2V/3.

For a positive integer n, let (n) denote the number of prime factors of n, counting multiplicity.
Let f1(n) and f3(n) denote the sum of positive divisors d|n where (d) = 1 (mod 4) and Q(d) = 3
(mod 4), respectively. For example, f1(72) = 72+2+3 = 77 and f5(72) = 8 +12+ 18 = 38. Determine
£3(62020) — £, (62020).

Proposed by: Brice Huang

(2021 _ 32021 _ 92021 _4
10

Answer:

Let us analogously define fo(n) and fa(n) as, respectively, the sum of divisors d|n where Q(d) = 0
(mod 4) and Q(d) =2 (mod 4). Moreover, let us define

Zdz = fo(n) +ifi(n) — fa(n) —ifs(n),

where i = /=1. The answer is —Im (g(6227)).

Note that ¢ is multiplicative: if m,n are relatively prime, then

n) = Z dliﬂ(dl) Z dgiQ(dZ) = Z d1d22 (drd2) — Z di = = g(mn).

di|m da|n dy|m,da|n d|lmn
Moreover, the evaluations of g on prime powers p* are

1— (pl)k—H

g(p*) =1+ pi+ (pi)> + - + (pi)* = T



Thus,

9(62020) _ 9(22020)g(32020)
1— 22021i 1— 32021Z'
1—2  1—3i
(1 _ 62021) _ (22021 + 32021)i

-5 — 51
(62021 4 32021 | 92021 _ 1) _ (2021 _ 32021 _ 92021 _ 1)
B 10 '
This gives an answer of
i (9(62020)) _ 62021 _ 32021 _ 92021 _ |

10
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