Qj‘éﬁ@ National Finals 2019 — Premier Division

Official Solution Key

April 28 — May 4, 2019

Time Limit: 2 hours.
Each problem is worth 7 points.

1. Kelvin the Frog and Alex the Kat are playing a game on an initially empty blackboard. Kelvin begins
by writing a digit. Then, the players alternate inserting a digit anywhere into the number currently
on the blackboard, including possibly a leading zero (e.g. 12 can become 123, 142, 512, 012, etc.).
Alex wins if the blackboard shows a perfect square at any time, and Kelvin’s goal is prevent Alex from
winning. Does Alex have a winning strategy?

Proposed by: Alexander Katz.

Answer: .

Let n be the number currently on the blackboard. We claim that Kelvin can indefinitely avoid a
perfect square with the following strategy: if 100n 4 76 is a perfect square, append a 3 to the end of
the number. Otherwise, append a 7. Note that Kelvin thus plays a 7 on his first turn.

Suppose that Alex can win the game with Kelvin following this strategy, and consider the turn on
which Alex wins. At the beginning of this turn, the number on the blackboard ends in either a 3 or a
7. Since neither 3 nor 7 are quadratic residues modulo 10 (i.e. no perfect square ends in a 3 or a 7),
Alex has not won at the beginning of his turn and cannot win by inserting a digit anywhere except the
end of the number. Similarly, the only quadratic residues modulo 100 with a 3 or 7 in the tens place
are 36 and 76, so Alex must win by appending a 6 to the end of the number.

By Kelvin’s strategy, if the number on the board ends with a 7, appending a 6 does not win. Therefore
the number on the board must end with a 3, and Alex wins by appending a 6. In particular, both
100n + 36 and 100n + 76 are perfect squares; call these a? and b? respectively. Note that n > 7, so
b > a > 20 and b*> — a® = (100n + 76) — (100n + 36) = 40. But, we also have b*> —a? > 212 — 20% = 41,
which is a contradiction, so Alex cannot win against Kelvin’s strategy.

Remark 1. A common attempted strategy for Kelvin is to insert a 7 each turn, preserving the invariant
that every other digit on the blackboard is 7. This is not a winning strategy: if Kelvin follows this
strategy, Alex can get the number 767376 = 8762.

2. Let n > 2 be an even integer. Find the maximum integer k (in terms of n) such that 2* divides (;:1)
for some 0 < m < n.

Proposed by: Kevin Ren.

Answer: .

Let n = @;a;_1 -~ - ajagp with a; = 1 and ap = 0 be the base 2 representation of n. Let va(m) denote
the largest k such that 2¥|m, and so(m) be the number of ones in the binary representation of m. It
is well-known that va(n!) = n — sa(n). So,

oo (1)) = salir = m) + sa(om) = sa(o)

If we take m = 2 — 1, then n —m = a;_1a;—2 - -~ a11, 50 s2(n —m) + sa(m) — sa(n) =i+ (s2(n) + 1 —
a;) — s2(n) = i. Hence i = [logy n| satisfies 2 | ()").

There are a few ways to show optimality. We present three different solutions.



Solution 1: Basic NT. Let d = |log, n]. Notice that
2] + [yl +1= [z +y]

for any real z,y, hence
n! Zd n n—m m Zd
. (m!(n—m)!> N ka - { 2k J - ka : b=

Solution 2: Digit Sum. We will show:

Lemma 1. If m,n are arbitrary non-negative integers, then sa(m) + sa(n) +1 < so(m+n+ 1) +
logy(m +n+1).

Proof. By induction on m +n. Base case m +n = 0 is trivial. For the inductive step, we casework on
parity of m,n. For the following we will use the facts sa(x + 1) < so(z) + 1 and s2(22 + 1) = s9(2z) =
s2(x) for any non-negative integer x.

e If m = 2a,n = 2b are both even, then s3(2a) + s2(2b) + 1 = so(a) + s2(b) + 1 < so(a+ b+ 1) +
logo(a+b+4+1) < sg(a+b)+logy(a+b+1)+1<s2(2a+2b+ 1) +logy(2a + 20+ 1).

o If m =2a+1,n =2b+ 1 are both odd, then s2(2a + 1) + s2(2b+ 1) + 1 = sa2(a) + s2(b) + 3 <
sa(@+b+1) +logy(a+b+ 1) + 2 < s5(2a + 2b + 3) + logy(2a + 2b + 3).

e If m,n are different parities, without loss of generality let m = 2a, n = 2b+ 1. Then s2(2a + 1) +
$2(20)+1 = so(a)+s2(b)+2 < so(a+b+1)+logy(a+b+1)+1 = s2(2a+2b+2)+1log,(2a+2b+2).

This completes the inductive step. O

Since sa(n) +1 > sa2(n + 1), we obtain sa(m) + s2(n) < sa(m + n) + logy(m + n) for all m > 0,n > 1.
Now one of m,n —m is nonzero, hence so(n) — s2(m) — sa(n —m) < log, n, proving the upper bound.

Solution 3: Base Carry. We claim sa(n) — s2(m) — so(n —m) is the number of carries when adding m
and n — m in base 2. This is intuitively clear because a carry subtracts 2 from the current digit and
adds 1 to the next digit, e.g. 135 becomes 215 (which then becomes 1015 after another carry). Thus
the number of carries is the number of 1s annihilated, which is just sa(n) — sa(m) — sa(n —m). Now
if n has k digits, then carries can only happen in the 1st through (k — 1)-th spots. Hence there are at
most k — 1 < |log, 1| carries.

Remark 1. Solution 2 is just a way to formalize the base carry in Solution 3 without actually carrying
out the base carry. Some people will like it; others will complain of using a hammer to swat a fly.

. Let ABC' be a scalene triangle. The incircle of ABC' touches BC at D. Let P be a point on BC
satisfying /BAP = ZCAP, and M be the midpoint of BC. Define @) to be on AM such that
PQ 1 AM. Prove that the circumcircle of AAQD is tangent to BC.

Proposed by: Ankan Bhattacharya.




Q
B H o P M ¢

Let H be the foot of the A-altitude. Then AHPQ is cyclic, so MQ - MA = MP - MH. Let the side
lengths of ABC be a,b,c, and let s = %‘ We can compute the following directed lengths:

up = % _g:a(c—b)’
b+c 2 2(b+c¢)
E4+a?-bv a A-b
MH = _— — — =
¢ 2ac 2 2a
a c¢c—b
MD = —b)— ==

Thus, MP - MH = MD?, which means MQ - MA = MD?. The converse of Power of a Point shows
the circumcircle of AQD is tangent to BC', as desired.

. Find all functions f : R — R such that for all z,y € R,
F(f(x) +y)* = (@ = y)(f(x) = f(y) +4f (@) f(y).

Proposed by: Kevin Ren.
Answer: ‘ fz)=z+kforkeRand f(z) =0 ‘

Lemma 1. Fither f(x) =0 or f(x) is injective.

Proof. Suppose f(a) = f(b) for some a # b € R. Then f(f(a)+y)* = (a—y)(f(a) = f(y)) +4f(a)f(y)
and f(f(b)+y)* = (b—y)(f(b) = f(y)) +4f(0) f(y). Thus (a—y)(f(a) = f(y)) = (b—y)(f(a)— f(y))- If
f(y) # f(a) for some y then a —y = b — y, which implies a = b, contradiction. Otherwise f(y) = f(a)
for all y implies f is constant. In this case, let f(x) = C. The condition gives C? = 4C?,s0 C =0. O

Since f(z) = 0 is a solution, we restrict ourselves to the case where f is injective.

Lemma 2. f(—f(0)) =0.



Proof. Let x =0 and y = —f(0). Then

£0)* = F(O)(£(0) = F(=F(0))) +4f(0) f(—£(0)) = f(0)* + 3f(0) f(—£(0)),
s0 3f(0)f(—f(0)) = 0. Thus f(0) =0 or f(—f(0)) = 0. In either case f(—f(0)) = 0. O
Let a = f(0); then f(—a) = 0. Now let z = —a. Then f(y)? = (—a — y)(—f(y)) = (a +y)f(y). This
implies f(y) = 0 or f(y) =y + a. Since f is injective, f(y) # 0 whenever y # —a. So, for y # —a, we

have f(y) = y+ a, and for y = —a we have f(y) = 0= —a+ a. Thus f(y) = y + a for all a, and this
is a solution to the functional equation.

. The number 2019 is written on a blackboard. Every minute, if the number a is written on the board,
Evan erases it and replaces it with a number chosen from the set

{0,1,2,...,[2.01a]}

uniformly at random. Is there an integer NV such that the board reads 0 after NV steps with at least
99% probability?

Proposed by: Brice Huang and Ryan Alweiss.
Answer: | Yes |

Throughout this solution we consider the random variable a,, denoting the number written after the
nth minute; we extend the process infinitely by dictating that a,1 = 0 if a,, = 0. We will show that

Pla, # 0] = O(c™)
for some constant ¢ < 1. This will imply the result.
Let m be a very large absolute constant. We begin by proving the following lemma.
Lemma 1. If m is sufficiently large then,
E[ 4/anrtlan] < ¢ ¥/an

for some constant ¢ < 1 depending only on m.

Proof. First, assume 0 < a,, < 3. Assume also that 1% <ec<l1.
If a, = 1, E[ v/anr1|an] = o+ %I Vot V3 < % V3 < 1% /1 if m is large enough.
If ap = 2, E[ ®/an11]an] = w < 5%/5 < 2 %/2 if m is large enough.

If a,, = 0 there is nothing to prove. Now suppose a, > 3; then

1 [2.01a,]

E[ ¢/an+1lan] = T2.0la,] + 1 Zo ¥a

1 [2.01a,]+1
< 7/ zw dz
~ [2.0la,]+1 /4

1 m 1+1/m
< : J(r2.01a,1+1 — 1}
= [20lan] +1 m+1 [([ an] +1)
< Ll (2.01a, +2)/™.

Thus, we have

E[ wa,, n 2.01a,, + 2 2
[ ¥/@n+1]an)] M f20lan 42 m )y 2
/a, m—+1 an m+1 3

Since 2.0142/3 < e =lim;, (1 +1/m)™, we can set ¢ = 5 - §/2.01 + 2 <1 for m sufficiently large,

as desired. O



Taking the expectation of both sides of the above lemma gives

E[E{ /aniilan]] < Ele t/a]
— E[%/a] <c-E|

)

3

Van).
So, by induction, we obtain
E[ %/a,] <™ - V2019.
But E[ x/a,,] > P[a,, # 0] which implies the result.
. A mirrored polynomial is a polynomial f of degree 100 with real coefficients such that the 2°° coefficient

of fis 1, and f(z) = 2% f(1/z) holds for all real nonzero x. Find the smallest real constant C such
that any mirrored polynomial f satisfying f(1) > C has a complex root z obeying |z| = 1.

Proposed by: Kevin Ren.

Answer: .

Let n = 100, and let f(x) = ap + a1z + - - - + ag,x*" with aj = as,,_j. Define

i0
g(0) = {6(2)2 —1l=ap_1-2cos0+a,_o-2cos20+ ...+ ag-2cosnb.

Thus € is a root of f exactly when g(f) = —1.

Claim 1. If f(1) > 51, then we can choose 0 such that g(0) = —1.

Proof. A roots of unity argument across the 51st roots of unity gives that

50

2rk
0= —_—
9(0)+> g ( o1 )
k=1
and so by pigeonhole there is some 6 (of the form 25”—1’“) such that
1)—1
o< 90 __f-1_
50 50

As g(0) > —1, by intermediate value theorem the conclusion follows. O

In the converse direction,

Claim 2. There exist mirrored polynomials [ with f(1) arbitrarily close to 51 such that g(6) > —1 for
each 6.

Proof. Choose any real number A < 1. Consider the choice

A A
flz)y=1+ a(l + 22 + 322 + - + 49219 + 57(:10100 +22% + 32% + ... +492°1).

As promised,

2\
FO) =1+ S (1424 -+ +50) = 1450



which is arbitrarily close to 51. And the corresponding ¢ satisfies

2
g(0) = 5—? (cos 500 + 2 cos 496 + - - - 4+ 50 cos 6)

2\ X sin(n + 1) —sin g
o1 4 2sin 4

_% 1 — cos 510 _571
- 51 4sin2g 2

A [1 — cos 5160

T 51

—51| >->-1
1 —cosf }_ >

for all 8, ergo f has no roots on the unit circle. O

7. Let AXBY be a convex quadrilateral. The incircle of AAXY has center I4 arﬂouchesiﬁ and AY
at Ay and A, respectively. The incircle of ABXY has center Ig and touches BX and BY at B; and
Bs respectively. Define P=XIoaNYIg, Q=XIgNYI4, and R= A1B; N AyBs.

a. Prove that if ZAXB = ZAY B, then P, @, R are collinear.
b. Prove that if there exists a circle tangent to all four sides of AXBY', then P, @), R are collinear.

Proposed by: Ankan Bhattacharya. Solution by Kevin Ren.
Solution to part (a).

Let w be the circle with diameter XY . Let Y14 intersect w at Y4 and X 14 intersect w at X 4. Define
Yp, X similarly. By the Iran Incenter Lemma, Y4, Ay, Ao, X4 are collinear and Yy, By, By, Xp are



collinear. By Pascal’s theorem on X, X XpYgY Y4, we have that X 4Y4, XpYg, and PQ are concurrent.
But an easy angle chase shows Al4 || Blp, hence A;As || B1Bs, and so all three lines are actually
parallel.

Now we will show QR || AjAsg; the claim that PR || A;As will follow similarly. Let d(L,¢) be the
distance from L to /; it suffices to show that
d(QvAlAQ) — d(R7 A1A2) (*)
d(Q,B1B2) d(R,B1Bs)’

A1 As

The last quantity equals Ve by similar triangles; the first quantity equals

QYasin ZXAYAY _ YaXsinZI4 XY sin ZIAY X sin /I XY

QXpsin/XXpYg XpYsinZIgYX sinZIgY Xsin ZIgXY'

Recall the fact that in a triangle ABC, we have r = 4Rsin g sin g sin % Now let r be the inradius
and R be the circumradius of AXY'; then
AjAy  2rcosd r . JAXY | JAYX
= - = = 2sin sin
XY 2Rsin A 2RSin% 2 2
and similarly
BBy 94 /BXY | /BYX
~y = 2sin—5—sin——.

in /TAY Xsin /IAXY _ A1Ax/(2XY ALA . .
Hence, Zo oy anroxy = BiB§§E2XY; = 55, showing that (x) is true. Thus, PR [| A1 4> and

QR || A1 Ay, which means P, @, R are collinear, as desired.
Solution to part (b).

First, the incircles wy of AXY and wp of BXY meet XY at the same point Z. Next, XA = XZ =
X B; by equal tangents, so /XA1B; = /XByA;. This implies ZIgB1A; = ZIo4A1B;. Let A1B;
intersect wa again at As; then LI4A3Ay = L14A1By = ZIgB1 Ay, so I4As || IgB;. Hence, A3 and
By are corresponding points on w4 and wpg, so A3B; passes through the external center of homothety
H' between w4 and wp. Thus A1 By passes through H'. Similarly As By passes through H', so R = H'.
There are multiple ways to finish from here.



Finish 1: Projective Geometry. Let I4Ig meet PQ at R'. We aim to show R’ = R.

Let PQ intersect XY at D. Because PY,QX, 4R’ are concurrent at Iz and XY meets PQ at D,
we have by a well-known projective lemma that (P,Q; R, D) = —1. Projecting through X onto I4Ip
gives (Ia,Ip;R',Z) = —1. Since Z is the internal center of homothety between w4 and wg, R must
be the external center of homothety. This means R = R’, so P,Q, R are collinear.

Finish 2: Length Bash. We can show by computation that R is on I1I; with RZ = %’ where we
use directed lengths with ZI4 = ry and IgZ = rs.

Now P is the center of a circle wp tangent to the extension of Y X past X, the extension of Y B past
B, and the extension of AX past X. Let wp have radius r3 and be tangent to XY at S, and define
SX =5,XZ=27Y =y. Then a homothety at X relates wa and wp, and a homothety at Y relates

wp and wp. Hence, § = 1 and y+m+g = 2. Solving, we get s = %, 0T+ 8= % Also
_ _ rira(z+y) + (ritra)zy

ry = % = W, SO ””Tss = m Slmllarly define wg with radius r4 and tangent to XY at

T, and YT = t; then t = 224@tv) ) 4y (dra)ay - mra(@ty) o q ytt = (ndra)ey _ ods e

rix—ray ’ rix—ray rixr—ray T4 rire(z+y) ry "

U be the internal center of homothety between wp and wg, and V' be the projection of U onto XY.

Then we can easily see 5‘7{ = :Z = %, so V = Z. Furthermore, we can compute

t T+ s
UV:7’3- y+ +7"4~ +
r+y+s+t r+yt+s+t
1Y — T2k T =7 2rir
— oy 1Y 2 Ty 1 2Y _ 172 — RZ,

(r1 —r2)(z+y)
so R =U. Hence, P,Q, R are collinear.

Remark 1. Some teams claimed that P, @, R are always collinear by a Desargues’ theorem argument.
Actually this proves that Ay A, B1 By, and PQ are either all concurrent or all parallel.

(ri—re)(z+y) 71172

. Find all pairs of positive integers (m,n) such that (2™ — 1)(2" — 1) is a perfect square.
Proposed by: Kevin Ren.
Answer: ‘ (3,6), (6,3), (m,m) for m e N ‘

Let v,(n) be the exponent of p in the prime factorization of n. We will cite without proof several
well-known facts:

Lemma 1 (LTE). If p is an odd prime that divides a — b, then v,(a™ —b") = vy(a — b) + v,(n).

Corollary 2 (CLTE). Ifp is an odd prime, p | a™ — 1, and p | aanl:11 for some integers a, m,n, then
plm.

Lemma 3. For any integers m,n, we have ged(2™ — 1,27 — 1) = 28cd(mn) _
Lemma 4. If a,b are positive integers with ged(a,b) = 1 and ab is a perfect square, then a and b are

perfect squares.

We will prove:

"

Theorem 5. If m,n are positive integers, then 2 W 18 a perfect square only if either n = 1, or

m=3 and n = 2.

Lemma 6. If 25 + 1 is a perfect square, then k = 3.

Proof. We have 2% + 1 = 22 for some integer x, so 2* = (x — 1)(z + 1). Thus both  — 1 and = + 1 are
powers of 2, which means z = 3. Then k = 3. O

Proposition 7. If n is even, then n =2 and m = 3.



Proof. Let n = 2k for some k. Write

22mk -1 ka -1
- =™ 41—
2m — 1 2m — 1
Since 2™* + 1 and 2™* — 1 are relatively prime, we have 2% 4 1 and 221’“_—11 are relatively prime.

Because they multiply to a perfect square, they are both perfect squares by Lemma 4. By Lemma 6,

we must have mk =3,s0 k=3 and m =1, or m = 3 and k£ = 1. Only the second case makes %
a perfect square, so m = 3 and n = 2. O
Therefore, we may assume that n is odd. Now we need an algebraic lemma:
Lemma 8. Ifn is odd, then m <n — 2.
Proof. Recall the power series
1 .
= Cn®
VvV1i—z 7;) "
2n
where ¢, = (42). Squaring the series, we have ZZ:O ckCn_r = 1 for all n. Now define r = ”7’1 and
kA
P(z) = Zxch_k.
k=1
Then
T r 2r 2r
ST D) DLICHUIES P SR
j=1k=1 k=0 a+b=k,0<a,b<r—1 k=0
and

2r 2r
(P@)+1)?> Y ah 4207 >) o
k=0

k=r+1
whenever x > 2, since Zz;é b = erll < z". If m > n— 2 then P(2™) is an integer, and so
””;:11 = ilo z* would be between two perfect squares. This implies % is not a perfect square,
contradiction. Hence, in fact m <n — 2. O]

We will also need the following smaller lemmas.

Lemma 9. If 2 — 1 is a perfect square for some k > 1, then k = 1.

Proof. If k > 2 then 2 — 1 =3 (mod 4) can never be a perfect square. O

Lemma 10. Call a positive integer k p-suitable if all prime factors of k are greater than p. If p is
prime and k is p-suitable, then p{2F — 1.

Proof. Trivial if p = 2. If p > 3 then we have p | 2P~ — 1. If p | 2F — 1 then p | 28°dP=1k) _ 1 =1,
contradiction. O
2Pt kr g
20k _1
p-suitable integers k,r.

Proposition 11. cannot be a perfect square for any odd prime p and integers a > b > 0, and

Proof. If a = k =r =1 then b = 0 and our expression becomes 2P — 1, which is not a perfect square

by Lemma 9. Suppose not all of a,k,r are one; then p® 'kr # 1 and has all prime factors at least
gpthr_y gy gptkr_y

p, so p*~tkr > p. We have = Since k,r are p-suitable, by Lemma 10,

1 2p0k 1 2pPk 1 2ptThr_7”
p12°°7 k" — 1. Hence, any prime divisor of the first term can’t divide the second term by CLTE. Thus,

the two terms are relatively prime. However, the second term is not a perfect square by Lemma 8 and
op“kr_q
orbk_1

p®~tkr > p, so by Lemma 4, is not a perfect square. O]



Proposition 12. If 21,011 T 18 a perfect square for some prime p and integers a > 0, and p-suitable

2kr_1
2k—1

integers k,r, then so is

Proof. Write
2pkr 1 gkr 1 (2p"kr _1)(2k —1)

207k —1 2k — 1 (2v°k —1)(2kr — 1)

We will verify that the second term on the RHS is an integer. Since 2°°% — 1 and 2¥" — 1 both divide
2P*kr 1, it suffices to verify that vy (2P"F — 1) 4+ v,(2F" — 1) < v,(2P"F" — 1) 4 v,4(2F — 1) whenever
q|27"F —1and q | 2" —1. By Lemma 3, we have ¢ | 2¥ — 1. Then the inequality is actually an equality
by LTE.

Now we claim the two terms on the RHS are relatively prime. If ¢ — 1. Now if

q| 2% —1 then ¢ w by LTE, and if ¢ { 2% — 1, then q # p by Lemma 10. Thus by CLTE,

2Pk —1)(2k7—
q1 Q;fr 7 Hence, in either case the two terms on the RHS are relatively prime, which means they

are perfect squares by Lemma 4. In particular, the first term is a perfect square. O
Finally, we prove our main result.

Proof of Theorem 5. We induct on the number of prime factors of m. If m = 1 then n = 1 by Lemma
9. Suppose m > 1 and let p be the least prime factor of m. If v,(n) = 0 then apply Proposition 12 to

reduce to the case ( n) If v,(n) > 0 then p # 2 (since n is odd), so there are no solutions by

_m__
p'up('m) 9

Proposition 11. This completes the inductive step and thus the proof.

Now we are ready to solve the problem. The answer is (3,6), (6,3), (m,m). Verify that (23—1)(26—1) =
763 =212

To see that no other (m,n) work, let d = ged(m,n). Without loss of generality, let m < n. Then

_ oged 2m—1
gcd(2’” — 1,27 — 1) = 28d(mn) 1 50 for (2™ —1)(2" — 1) to be a perfect square, we must have 2=
and 2 ST L be perfect squares as well. Because m < n, we have n > d. By Theorem 5, we have d = 3
and n = 6. This forces m = 3. O



